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ABSTRACT 
 

Integrated GPS/INS Systems are recognized as the 
ideal tools in the application of land-vehicle 
navigation. The complementary characteristics of 
the integration overcome the shortcomings of each 
system. Kalman Filter (KF) is an applicable optimal 
estimation method to provide real-time navigation 
solutions. However, in the GPS/INS integration, the 
accuracy of the KF navigation solutions degrades 
rapidly with time during GPS measurement gaps. 
Therefore, optimal smoothing methods are required 
to accommodate for this problem. In this paper, two 
fixed-interval smoothers, namely Two-Filter 
Smoother (TFS) and the Rauch-Tung-Striebel 
Smoother (RTSS) will be discussed and utilized. 
The details on the revised TFS algorithm will be 
investigated. Two-land vehicle field tests are used to 
evaluate the KF performance and the smoothing 
efficiency. The position errors accumulated during 
GPS outages are expected to be substantially 
improved using any of the two implemented 
smoothers. In general, the accuracy enhancement 
level was above 90% in the obtained results for the 
two utilized land-vehicle tests. 
 

INTRODUCTION 
 

Land-vehicle navigation is currently a major subject 
in both commercial and civil markets. The Global 
Positioning System (GPS), which provides absolute 
positioning information and long-term accuracy 
under all weather conditions, has found wide 
applications in vehicular navigation. However, due 
to its dependency on Line-Of-Sight (LOS) 
measurements, GPS suffers from frequent outages, 



 

 

multipath effect, and poor satellites geometry and 
visibility when a land-vehicle is traveling in urban, 
dense foliage or canyon areas. Under these 
situations, GPS cannot provide continuous and 
reliable positioning solutions. On the other hand, the 
Inertial Navigation System (INS) is credited as the 
ideal complement to GPS by offering short-term 
accurate navigation solution with high data rate. In 
addition, GPS can restrict the INS error 
accumulation over time and assist in calibrating the 
inertial sensor errors on-line. Therefore, the GPS 
and INS integration overcomes their individual 
disadvantages and is capable of achieving superior 
performance in land-vehicle navigation. 
 

Kalman Filter (KF) is recognized as the most 
commonly used optimal estimator in GPS/INS 
integrated systems. With the development of 
tactical-grade and low-cost Inertial Measuring Units 
(IMUs), Extended Kalman Filter (EKF) is 
commonly accepted to resolve the system 
nonlinearity and accomplish the real-time 
navigation. KF is a recursive algorithm that 
implements a series of prediction and measurement 
update steps to obtain the optimal estimates based 
on the minimum variance criterion (Gelb, 1974). In 
the context of GPS/INS integration, the KF will 
work in prediction mode during GPS signal outages 
where the navigation solution is completely 
obtained by stand-alone INS. During these GPS 
outages, the navigation accuracy degrades rapidly 
with time due to the INS time-dependent error 
behavior (Nassar et al., 2005). As a result, this 
performance cannot meet the requirement of high 
accuracy land-vehicle navigation. Hence, post-
processing methods such as backward smoothing 
can be employed in such cases to provide a better 
navigation solution. 
 

Optimal smoothing is a post-mission estimator that 
provides the optimal estimates by utilizing all 
available past, current and future measurements. 
The fixed-interval smoother has been used in most 
navigation applications compared to the other 
smoother types such as fixed-point and fixed-lag 
smoothing algorithms (Shin and El-Sheimy, 2002). 
In this paper, two different fixed-interval smoothing 
algorithms will be utilized and evaluated. The first 
algorithm is the Rauch-Tung-Striebel Smoother 
(RTSS) while the second algorithm is the Two Filter  

Smoother (TFS). The RTSS does not require the 
process of the full-scale Backward Kalman Filter 
(BKF). By utilizing all the information stored in the 
Forward Kalman Filter (FKF), the RTSS recursively 
updates the smoothed estimate and its covariance in 
a backward sweep. The RTSS has been widely 
applied due to its robustness and effectiveness. On 
the other hand, the TFS is performed by combining 
the FKF and BKF. Since the BKF is implemented 
reversely with time, the BKF prediction results are 
corresponding to the FKF update counterparts in the 
TFS implementation. In this case, both solutions of 
the two filters (FKF and BKF) are combined 
through minimizing the smoother error covariance. 
 

However, the traditional TFS was originally 
designed for linear systems. Therefore, it was not 
applicable for some INS-based multi-sensor systems 
because of the high nonlinear characteristics in the 
INS navigation equations. The further attempt of 
applying the common EKF both forward and 
backward failed to accurately estimate the INS error 
states. This problem was resolved by a revised 
smoothing algorithm that was proposed specifically 
for a pipeline survey using inertial measurements 
(Yu et al., 2005). The main idea in this modification 
is that the BKF nominal trajectory is assumed to 
track both the FKF prediction and update results 
rather than about the predictions only. Therefore, the 
main objective of this paper is to implement the 
aforementioned two optimal smoothers for GPS/INS 
land-vehicle navigation. In this context, the revised 
TFS algorithm will be discussed with some details 
since little research has been published before for 
the subject. 
 

The performance of both optimal smoothers will be 
demonstrated using two land-vehicle GPS/INS data 
sets with intentionally simulated GPS outages. The 
first data set incorporates a tactical-grade IMU 
(Litton LN200) while the second one utilizes a low-
cost Micro-Electro-Mechanical System MEMS IMU 
built by the MMSS Research Group at UofC. The 
achieved results for both data sets will be analyzed 
and discussed. Moreover, the TFS results are 
compared to those obtained by the RTSS. Finally, 
conclusions will be drawn from the analysis and the 
comparison. 
 

 

 

 



 

 

EKF FOR GPS/INS INTEGRATION 
 
In integrated GPS/INS systems and by applying the 
perturbation analysis, the INS error model is derived 
to represent the dynamics of navigation error states. 
The reference values used in the perturbation 
process are essentially the values of the nominal 
trajectory, about which the original INS 
mechanization equations are linearized. Moreover, 
while the determinant parts of the sensor parameters 
are calibrated in advance, the random sensor errors 
are modeled by linear stochastic processes. Eq. (1)-
(3) describe the definitions of the system statex , the 

nominal state NOMx , and the corresponding error 
state xd  as follows: 
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where nn vr ,  denote the position and velocity 
vectors respectively in the navigation frame (n-
frame); n

bq  denotes the quaternion vector 
representing the rotation from n-frame to the body 
frame (b-frame); f  denotes the perturbation angle 
vector from n-frame to the plat frame (p-frame); 

SFb,  denote the bias and scale factor vector; the 
subscripts accg,  denote the gyroscope and the 
accelerometer; the subscript 0  denotes the 
determinant sensor parameter. 
 

The relationship between the states above is given 
by: 
 

xxx NOM d-=  (4), 
 
where the attitude parameter correction is 
specifically processed by the quaternion production 
rule as in (Shin, 2005): 
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where the superscript p  denotes the p-frame 
assumed to be the hypothesized inertial stabilized 
platform axes set in which the measurements from 
the inertial sensors are resolved. 
 

The linearized system model and the measurement 
model for integrated navigation systems in discrete-
time form are shown as (Brown and Hwang, 1997): 
 

111 --- += kkkk wxFx dd  (7) 

kkkk xHz hdd +=  (8), 
 
where k  denotes the current estimation time epoch 

kt ; 1-k  denotes the previous estimation time 

epoch 1-kt ; w  is the system noise vector with the 
spectral density matrix Q ; h  is the measurement 
noise vector with the spectral density matrix R ; 

kzd denotes the measurement difference between 
INS solutions and GPS observations as: 
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1-kF  is the linearized system dynamics matrix, or 

the system transition matrix; kH  is the linearized 

observation design matrix; kk HF ,1-  are derived 
from the non-linear INS mechanization and 
measurement relationship hf INS,  as: 
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NOM

kx-ˆ  denotes the predicted value of the nominal 
trajectory, which equals to one step INS 
mechanization solution from the updated nominal 

value 
NOM

kx+
- 1ˆ  as (Grewal and Andrews, 2001): 
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The group of KF prediction and update equations 
are recursively processed to achieve the optimal 
estimates of the error state as follows: 
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-+ -= kkkk PHKIP ][                                            (17), 
 
where the superscripts +- ,  denote the prediction 
and update respectively; P  denotes the error state 
covariance; K  denotes the KF gain. 
 
In EKF, the error state correction in Eq. (4)-(6) is 
applied not only on the system output as a 
feedforward loop, but also on the nominal trajectory 
as a feedback loop after a full KF step. In addition, 
the updated error state will be reset as “zero” to 
indicate the nominal value is the same as the 
updated estimation. In this case, the nominal 
trajectory trusts the filtering estimation results and 
varies accordingly. The error state feedforward and 
feedback loops are described respectively as: 
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The EKF algorithm structure for integrated 
navigation is illustrated in Fig. 1. 
 

 
Fig.1 EKF Structure for INS-based Integration 
 

TWO FILTER SMOOTHER (TFS) 

 
Fraser and Potter (1969) proposed that the fixed-
interval smoother can be accomplished from a 
combination of two Kalman filters manipulated 
forward and backward, i.e. FKF and BKF. Since 
BKF is processed reversely, its prediction and the 
FKF update are combined in the form as: 
 

)ˆˆ(ˆ
11 ---+-+ += BkBkFkFkSkSk xPxPPx  (20) 

111
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where the subscripts BFS ,,  denotes smoothing, 
FKF and BKF. 
 

A completely independent BKF is a choice for TFS, 
in which the backward INS mechanization is 
programmed to provide the INS solutions for both 
the backward nominal trajectory and the backward 
measurement updates. However, this often 
encounters difficulties during the backward 
initialization, as the unpredictable ending conditions 
cannot assure the serious requirement of the statistic 
INS initial alignment. Conversely, the 
implementation of BKF without a backward INS 
mechanization relies on the stored FKF results. 
More specifically, the nominal trajectory and the 
measurements of BKF copy their counterparts of 
FKF. The TFS algorithm structure is illustrated in 
Fig.2. 
 

 
Fig.2 TFS Structure 
 

The backward INS error model as required by the 
BKF, which represents the inverse dynamic process 
of the system error states from the current time 
epoch kt  to the previous epoch 1-kt , is simply 
obtained by inversing the dynamics matrix from Eq. 
(7). The BKF system model as well as measurement 
model can be written by: 
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where INS

kz 1
~

-  remains the same INS solutions as in 
FKF; the backward system dynamics matrix and the 
observation design matrix are linearized about the 
FKF prediction results as: 
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which suggests that the backward nominal trajectory 
estimates are predetermined as the FKF predictions, 
i.e.: 
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In order to avoid the undesirable matrix inversions 
and to provide a valid boundary initialization, the 
following new variables in BKF are defined as 
(Crassidis and Junkins, 2004): 
 

1-= BB PM  (28) 

BBBBB xMxPy ddd == - 1                                       (29), 
 
where BM  is the covariance matrix inversion. 
 
The smoothing is initialized using the FKF results at 
the final epoch Nt as: 
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which leads the BKF initialization derived by Eq. 
(20)-(21) as: 
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which indicate that the BKF initial error state -BNx̂d  
is finite but uncertain. 
 

Referring to Maybeck (1994), the discrete-time form 
BKF prediction equations are derived with the new 
defined variables. Additionally, Joseph form of 
covariance equations will be applied to yield stable 
solutions as: 
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where -

BkK  is the BKF prediction gain. 
 

The formulations of Information Kalman Filter 
(IKF) using the new defined variables are 
introduced for the BKF update equations in order to 
overcome the potential computational and numerical 
difficulties for large measurement sets (Crassidis 
and Junkins, 2004) as follows: 
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However, the straightforward practice of IKF on 
non-linear INS navigation model failed to achieve 
the expected superior estimation results. This 
problem was resolved by the revision that was 
proposed originally for the pipeline survey using 
inertial measurement units (Yu et al., 2005). As 
shown in Fig.3, the main idea of this modification is 
that the BKF nominal trajectory is reset to the FKF 
updated results at the BKF prediction step, which 
means the BKF nominal trajectory is revised to 
track the EKF estimation of the forward filter.  
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Fig.3 Relationship between BKF, FKF and 
Smoothing Using the TFS 
 
 
This concept resembles the EKF error state feedback 
step. The details begin with a series of expressions 
as (Yu et al., 2005): 
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where --
Bk

NOM

Bk xx ˆ,ˆ d  is the revised BKF predicted 
nominal value, and the error state prediction (or the 
predicted perturbation); Eq. (38) indicates that the 
FKF updated system state is perturbed from the FKF 
prediction as discussed above; Eq. (39) indicates 
that the BKF updated system state is perturbed from 
the FKF prediction; Eq. (27) indicates that the BKF 
predicted system state is originally be perturbed 
from the FKF prediction; Eq. (40) indicates that the 
BKF predicted system state is reset to be perturbed 
from the FKF update. 
 

By using the Eq. (38)-(40), Eq. (37) is rearranged 
as: 
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The desired form for error state is derived from Eq. 
(41) as: 
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Substituting Eq. (36) into Eq. (42) yields: 
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Therefore, Eq. (43) along with Eq. (36) constitutes 
the modified BKF updating equations. 
 
The smoothing estimate, i.e. the combination of the 
FKF update and the BKF prediction as in Eq. (20)-
(21), will be fixed according to the revised 
relationship equations as (Yu et al., 2005): 
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Another form to express the combination is derived 
as: 
 

SkFkBkSkFkFkSk xxyPxxx ˆˆ)ˆˆ(ˆˆ ddd -=+-= --+-           (46), 
 
which indicates that the smoothing result can be 
regarded as the simple fixing of the FKF estimation; 
moreover, either the FKF update or the FKF 
prediction can be considered as the smoother 
nominal trajectory. These concepts are shown in 
Fig.3. 
 
The two descriptions of the smoothing error state 
estimate corresponding to Eq. (45) and Eq. (46) are: 
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RAUCH-TUNG-STRIEBEL SMOOTHER 

 
The RTSS was first presented in Rauch et al. 
(1965). It was proven to be an optimal smoothing 
method for linear systems on the basis of Maximum 
Likelihood (ML) criterion. It was demonstrated that 
the traditional TFS proposed by Fraser and Potter 
(1969) and RTSS are mathematically equivalent in 
linear cases. The RTSS has been widely applied in 
navigation applications due to its robustness and 
effectiveness. The implementation of RTSS does 
not require the process of the full-scale BKF. It can 
be regarded as an add-on correction to the KF. 
RTSS is consisting of one forward data processing 
part and one backward data processing part. The 
former is the FKF as discussed earlier. The 
backward processing part propagates the filtering 
results and achieves the smoothing system state 
estimate by utilizing a set of equations as follows: 
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where SkK  denotes the RTSS gain; Skx̂d  denotes the 
RTSS perturbation. 



 

 

RESULTS 
 

Two land-vehicle GPS/INS tests carried out in 
Calgary will be used for the performance analyses 
of the two discussed fixed-interval smoothers. 
NovAtel OEM4 GPS receivers were used to provide 
DGPS solutions for both tests. A tactical-grade IMU 
(Litton LN200) was used in the first test (L-shape 
route). The second test was conducted along a large 
clockwise cycle route using a custom-built MEMS 
IMU that includes inertial sensors from Analog 
Device Inc. (ADI). A navigation-grade IMU 
(Honeywell CIMU) was used to provide the inertial 
reference trajectory for both tests by processing the 
DGPS/CIMU without any GPS measurement gaps. 
However, for the 2nd test analysis, a GPS single 
point positioning (SPP) solution without outages 
will be utilized. 
 

 
Fig.4 Reference Trajectory and GPS Outages in 
the 1st test 
 

 
Fig.5 Reference Trajectory and GPS Outages in 
the 2nd Test 

Three GPS outages, each with 60s length, are 
intentionally simulated in the first test to verify the 
smoothing efficiency. Five GPS outages are 
simulated for the second test. The reference 
trajectories, as well as the GPS outages for both the 
two field tests are illustrated in Fig.4 and Fig.5 
respectively. The positioning accuracy levels, in 
terms of the Standard Deviation (STD) for the 
DGPS (1st test) and GPS SPP (2nd test) solutions are 
shown in Fig.6 and Fig.7, respectively. 
 

 
Fig.6 DGPS Positioning Accuracy (1st Test) 
 

 
Fig.7 GPS SPP Accuracy (2nd Test) 
 

As discussed earlier, KF will only work in 
prediction mode during measurement gaps. 
Therefore, the positioning accuracy achieved by 
stand-alone INS will degrade rapidly with time. 
Fig.8 depicts the KF position errors of the LN200 
IMU during the three GPS outages in the first test. 
The LN200 position errors are calculated by 
subtracting the filtering results from the 
corresponding reference solution. It can be noted 
that the horizontal position error increases to the 
meter level during the outages, and the height error 
reaches the centimeter level.  
 



 

 

 
Fig.8 LN200 FKF Position Errors in the 1st Test 
 

The accumulated position errors can also be 
observed in the backward filtering results, but it will 
diverge towards the uptrend reverse to the FKF 
counterpart, i.e. the time increasing direction. By the 
combination of both the filtering results, the position 
error drifts are expected to be suppressed or 
removed by the smoothing approaches. This effect 
is illustrated in Fig.9, which compares the LN200 
north position errors between FKF, BKF, TFS and 
RTSS during the first 60s GPS outage. It shows that 
the position error drifts is restricted, or smoothed in 
the middle of both the forward and backward 
directions. 
 

 
Fig.9 LN200 North Position Error Comparison 
in the 1st Outage of the 1st Test 
 

The corresponding LN200 TFS position errors are 
shown in Fig.10. It can be noted that the horizontal 
position error is restricted to centimeter level while 
the height error is restricted to the millimeter level.  

The summary of the FKF, TFS and RTSS LN200 
results (maximum positional errors) of the 1st test is 
given in Table 1. These results showed that the 
navigation errors are significantly improved by both 
smoothing algorithms during GPS outages. In 
addition, the smoothing effect of the TFS is similar 
to the RTSS where the improvement level of both 
smoothers is about 95 %. 
 

 
Fig.10 LN200 TFS Position Errors in the 1st Test 
 
 
In a similar way, the summary of the ADI MEMS 
IMU FKF, TFS and RTSS results (maximum 
positional errors) of the 2nd test is given in Table 2 
for the corresponding five GPS outage periods. Note 
that the system here integrates GPS SPP (and not 
DGPS) with the MEMS IMU. Also, the 
corresponding ADI MEMS IMU TFS position 
errors are shown in Fig.11. As obtained in the 1st 
test using the LN200 IMU, the enhancement level of 
the positioning accuracy of the two smoothers is 
about 95% compared to the FKF results. 
 

 
Fig.11 ADI MEMS IMU TFS Position Errors in 
the 2nd Test 



 

 

 
Table 1 LN200 IMU Position Errors for the FKF, TFS and RTSS in the 1st Test 

(Using LN200/DGPS Integration) 

 
 
 

Table 2 ADI MEMS IMU Position Error for the FKF, TF S and RTSS in the 2nd Test 
(Using ADI MEMS/GPS SPP Integration) 

 
 
 
CONCLUSIONS 
 

In this paper, the requirement for optimal smoothing 
methods to bridge position errors during GPS 
measurement gaps was discussed. Two fixed-
interval smoothers, namely TFS and RTSS were 
discussed with a special emphasis on the derivation 
of the proposed modified TFS. The performance of 
an EKF and the two smoothing approaches was 
tested using two land-vehicle datasets with 
intentionally simulated GPS outages. A tactical-
grade and a MEMS IMU were used in the field 
tests. For each IMU, the results showed that both the 
TFS and RTSS substantially improved the position 
errors during the GPS outages. In addition, the 
efficiency of the both the TFS and RTSS were 
comparable, where both smoothers improved the 
position errors during GPS outages by more than 
95% in both the tests. 
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