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INTRODUCTION 
 

  The work is related to the different technical 

aspects of the integration of the observable data 

from several navigation constellations in order to 

compute the position of a generic receiver; the 

analysis is completed by the test results obtained 

using real signals. 

The reference scenario is defined by a set of 

navigation systems; each system is composed by a 

set of signal generators (constellation) and by a 

common time reference. 

Each transmitter must be synchronized to the time 

base; this operation is performed using different 

algorithms in order to generate a time correction to 

be transmitted to the receiver. 

This correction is then applied to each observable 

measure in order to refer the data to the common 

time reference. 

For example in the GPS system the time base is the 

so called GPS Time. Each satellite must be 

synchronized with this time base, but because of the 

relativity effects and the variability of the signal 

frequency generator of the on board atomic clocks, 

a correction term must be applied to the 

measurements taken by a receiver. 

The GPS navigation message contains the clock 

corrections, that is to say the correction terms to be 

added to the observables and corresponding to the 

clock biases of each satellites with reference to the 

GPS time scale. 

When the data are acquired by different sets of 

transmitters they have different time references (for 

example GPS time, Galileo time, Compass time 

etc.) and therefore in the position computation the 

receiver must take into account a further unknown 

variable for each constellation, i.e. the difference 

among the different time references. 

In the case of the integration of two constellations, 

the state vector is composed by 5 values, because  

the bias relative to the second constellation is 

included. 

Thus the receiver has to solve a system of equations 

with a number of unknown variables that is five, in 

the integration of two constellations and a 3D 

position computation. 

A preliminary description of the position estimation 

problem and performance values like horizontal 

error, vertical error, and geometric parameters will 

be given. 

In order to investigate the performance of the 

position computation when two constellations of 

transmitters are integrated, the performance 

parameters that characterize the geometric 

component of the error will be analyzed in 

simulated and real scenarios. 

 

 

BRIEF INTRODUCTION ON THE 

DILUITION OF PRECISION (DOP) 

 

  The DOP is a set of performance indexes that 

define a relation between the positioning 



 

 

performance and the geometric location of the 

transmitters.  

The DOP values provide a useful measure of 

performance that is dependent on the relative 

geometry of the satellites visible by the user. 

For example the general expression that links the 

measurements error to the 4D user position 

accuracy is described by the GDOP (also called 

Geometric Diluition of Precision); that is to say, the 

GDOP takes into account the three dimensional 

error plus the error in the computation of the 

receiver clock bias. 

The assumption is that the measurement errors are 

independent and have all zero mean and the same 

variance.  

The DOP is an amplification factor that translates 

the errors in the range domain to the errors in the 

topocentric domain (horizontal and vertical errors). 

The GDOP is by definition: 
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Where σ  = pseudorange error variance 

 iσ = x,y,z and bias error variances 

 

Therefore  σ⋅GDOP = position accuracy. 

As a general rule, to compute the position, the 

receiver should always use satellites with optimum 

geometry in order to minimize the DOP values. 

As seen before considering the general problem of 

estimating the vector dX of 4 dimensions, given an 

observation vector ρ
r

d , the Markov approach states 

that the minimum variance unbiased estimate of X 

is given by: 
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G is the following matrix defined as: 
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For uncorrelated measurement noise In
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and the estimate reduces to: ρdPdX ⋅=  

( ) TT GGGP ⋅⋅=
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Where P is the pseudoniverse of G. 

We can obtain the GDOP expression from the 

computation of the covariance of the estimation x: 
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Given the previous expressions, in a more general 

way the DOP can be provided by the H matrix as 

follows: 
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That is to say the DOP matrix is directly linked to 

the covariance matrix of the optimal position 

estimator. 

The combination of the elements on the principal 

diagonal of the matrix H form the various DOP 

values. For example: 
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A geometric interpretation of the GDOP is that 

GDOP reduces when the determinant of G is 

increasing, or when the volume of the geometric 

figure composed by the satellite positions used for 

the position estimation is increasing (infact G 

depends on the Azimuth and Elevation of each 

satellite in view). 

 

 

THE PROBLEM OF THE TWO 

CONSTELLATIONS 
 

  Considering now the problem of estimating the 

position of the user using the measurements 

collected from two constellations of transmitters. 



 

 

Suppose that the two constellations have different 

time reference, there is a bias between the 

measurements coming from different transmitters. 

The matrix that solves the problem is defined as 

follows (recall the form of the G matrix): 
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The H matrix will have the following form: 
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From the matrix H we can define DOP in the same 

way as before but including a new term: the 

GTDOP relative to the second time offset. 
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There are two different strategies to take into 

account the fifth unknown: 

• using an estimation of the offset (by the 

integrated system itself for example) and 

then transmitted by a service centre, for 

example the Galileo Time Offset (GGTO) 

broadcast by GALILEO 

• computing the offset directly into the 

receiver 

In the first case the performance of the integrated 

system are the same of a single system composed 

by a number of transmitters equal to the sum of the 

two constellations, provided that the time 

synchronization offset is estimated apart and 

transmitted to the receiver.  

By this way the receiver can solve the position 

problem using a state vector of four unknowns. 

In the second case, if the estimation is made at 

receiver level, two cases must be distinguished: 

• Only one transmitter is belonging to the 

second constellation 

• More than one transmitter is belonging to 

the second constellation 

If one considers only one transmitter of the second 

constellation, it can be demonstrated that the 

corresponding measure contributes only to the 

offset determination and not to the position 

computation. 

In fact in this case, in the following is shown the 

column of the P matrix related to the measurement 

of the only transmitter (the fourth unknown is the 

bias between the two constellation, while the fifth is 

the first constellation bias w.r.t. the system time). 
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So, independently to the number of transmitters of 

the first constellation, the measure obtained from 

the only transmitter of the second constellation will 

weight only the constellations bias solution, but not 

the position solution. The trick is to use the 

estimation made directly by the system itself. This 

is the case of GIOVE A(B) if we could integrate its 

measures with those of the GPS satellites. 

If we add more transmitters to the second 

constellation, from the P matrix it seems that all the 

measurements contribute to the position estimation. 

It can be demonstrated that even if all the 

measurements are used to compute the position and 

the time offset, only above a certain number of 

transmitters used it is possible to have acceptable 

PDOP and TDOP values. 

A number of different scenarios were simulated 

through Matlab environment, in order to understand 

the effects on DOP values, of increasing the 

number of the transmitters belonging to the two 

constellations. 

In each scenario the performances (DOP values) are 

compared considering the two cases: 

• Using the estimation broadcast by the 

system 

• Solving the estimation at receiver level 

Fixed positions were considered for all the 

transmitters; in the figure below an example of 

scenario is shown with the complete final 

configuration, using four transmitters (red stars) 

belonging to one constellation, and five transmitters 

(blue stars) belonging to the other. 

For each scenario the number of transmitters 

belonging to the two constellations is changed; the 

following scenarios have been considered: 



 

 

• 9 Transmitters all belonging to the same 

constellation compared to the configuration 

of 5 transmitters + 4 belonging to the 

second constellation 

• 8 Transmitters all belonging to the same 

constellation compared to the configuration 

of 5 transmitters + 3 belonging to the 

second constellation 

• 7 Transmitters all belonging to the same 

constellation compared to the configuration 

of 5 transmitters + 2 belonging to the 

second constellation 

• 6 Transmitters all belonging to the same 

constellation compared to the configuration 

of 5 transmitters + 1 belonging to the 

second constellation 

 
Figure 1: constellation mix simulation 

 

The first configuration of each scenario is the 

reference scenario in which the position and time 

accuracy is determined by the geometry of the 

constellation (like if the system is composed by 

transmitters all belonging to the same 

constellation). 

The results for the simulations are shown in the 

following table: 

 

System Sync Autosync System Sync Autosync System Sync Autosync System Sync Autosync

PDOP 0,9911 1,32 1,0687 1,3468 1,1801 1,3975 1,2891 1,4361

TDOPG N/A 0,667 N/A 0,7803 N/A 1,0833 N/A 1,75

TDOP 0,2322 0,25 0,2349 0,25 0,2393 0,25 0,2435 0,25

No. Transmitters 8 (5+3) No. Transmitters 7 (5 + 2) No. Transmitters 6 (5 +1)No. Transmitters 9 (5+4)

 Table 1: comparison of DOP values simulated 

scenario 

 

Analysing carefully the H matrix (not included in 

this text) in the four cases one can observe that the 

term corresponding to the GTDOP  is decreasing 

while the number of the transmitters belonging to 

the second constellation is increasing.  

With the same conditions, the PDOP is decreasing 

reaching a value near to that corresponding to the 

reference configuration in the first scenario (9 

transmitters). 

 

 

DOP COMPUTATION WITH REAL 

MEASUREMENT DATA  
 

  As a real scenario, measures of the GPS were 

integrated with the ones of another ranging source, 

simulating a configuration similar to the very first 

phase of  the Galileo satellites deployment (In Orbit 

Validation phase - IOV). 

During one of the integrations tests of the Galileo 

Test Range (GTR), we had the opportunity to 

collect measurement data from a constellation of 

four pseudolites and from the real GPS satellites. 

So we had the opportunity to combine the 

measurement and define different integration 

scenarios like the simulated ones. 

We considered the following combinations: 

• Only GPS satellites, as a reference scenario 

• One GPS satellite and four pseudolites 

• Three GPS satellites and four pseudolites 

• Five GPS satellites and four pseudolites 

• All the visible GPS satellites and four 

pseudolites. 

The elevation of the pseudolites is very low while 

the GPS are chosen starting from those which had 

the higher elevation. 

The configuration of the pseudolites is shown in the 

figure below: 

 
Figure 2: Test Area 

 
The gray circle represents the reference receiver 

and the white arrows correspond to the pseudolites 

locations.  
The target was to compare the various DOP values 

in different integration scenarios and to measure the 

absolute position accuracy for the integrated system 

(when analysing the results it must be stressed that 

at the time of the tests the Galileo Test Range had 

not yet reached the final configuration and full 

performance). 



 

 

For the mixed position estimation problem the fifth 

unknown must introduced as detailed in the 

following.  

The definition of pseudorange in terms of time 

interval between the transmission and reception of a 

signal is the following: 

TTx   =   TTx
true

  +  ∆TTx 

Where TTx  is the time of transmission as reported 

by the satellite clock, TTx
true is the real time of 

transmission with reference to the Constellation 

time base (i.e. GPS Time). 
∆TTx is the offset between the satellite clock and 

the reference time. 

For the receiver : 

TRx  =  TRx
true

  +  ∆TRx 

Where  TRx is the time of reception as from the 

receiver clock, TRx
true is the real time of reception 

with reference to the Constellation time base ,  ∆TRx 
is the offset between the receiver clock and the 

reference time. 

The real propagation time interval is: 

τ  =  TRx
true

  –  TTx
true

 

The measured range is not c ⋅τ  because of the time 

offsets, in fact: 

          ρ  =  c ⋅ ( TRx  –  TTx ) 

               =  c ⋅ ( TRx
true

  +  ∆TRx  –  TTx
true

  –  ∆TTx ) 

 

               =  c ⋅ ( TTx
true

  +  τ +  ∆TRx  –  TTx
true

  –  

∆TTx ) 
 

               =  c ⋅ ( τ  +  ∆TRx  –  ∆TTx ) 

τ  is also affected by propagation “errors” which are 

added to the Tgeometric (that corresponds to the line of 

sight between the antenna of the receiver and the 

one of the satellite): 

τ  =  Tiono  +  Ttropo  +  Tmultipath  +  Trel  +  Tgeometric 

Trel is due to the relativistic effects. 

Tgeometric is  R/c, with R geometric distance between 

the satellite and the receiver: 
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The unknowns are four, x,y,z and ∆TRx. 
The other elements are approximated by models in 

order to get the best estimation of the “errors”. 

Considering a terrestrial transmitter like the one 

used in the simulations the equation that expresses 

the pseudorange is the same but with some remarks: 

• ∆TTx and ∆TRx are offsets with respect to 

the GTR time, that is different from the 

GPS time.  

• τ is defined as: 

τ   = Ttropo  +  Tmultipath  +  Tgeometric 

Because Tiono and Trel are zero (they are significant 

only in the space). 

The pseudorange is now: 
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∆TTx like the GPS case is inserted in the navigation 

message of the pseudolite in the form of three 

parameters that allow the prediction of the 

correction in the future (8 minutes from the 

reception of the message).   

When the two constellation are mixed, the system 

of equations must be modified in the following 

way. 

The number of unknowns must be 5 

• The receiver coordinates; 

• ∆TRx  the offset between the receiver clock 

and the GPS time; 

• ∆TGTR-GPS, the offset between the GTR time 

and the GPS time. 

The easiest way is to change ∆TRx (referred to the 

GTR time) in the pseudolite equations with  ∆TRx + 
∆TGTR-GPS. Now all ∆TRx in the system are referred 

to the GPS Time. 

When we want to simulate the GGTO term like in 

the case of the integration between GALILEO and 

GPS, we have to estimate one of the bias terms in 

an independent way. 

The simplest method was to solve the estimation 

position problem using all the GPS satellites in 

view  with good DOP value (without the 

pseudolites) and then taking the result as ∆TRx  to be 

used in the mixed system (GPS + Pseudolites).  

So a first run of simulations was carried on using an 

a priori estimation of the bias between the two time 

scales, i.e. reducing the problem to a 4 unknowns 

least square problem. In the second run the offset is 

solved by the receiver itself. 

 

 

SIMULATION RESULTS  
 

  The simulations consider the PDOP and GDOP 

values (the positioning SW could be modified in the 

future to output the GTDOP ) . 



 

 

The table reports the number of transmitters (the 

first number is the Pseudolite constellation and the 

second the GPS one). 

“Autosync” stands for the computation of the offset 

between the two time scales, while “System sync” 

stands for the procedure to compute the bias of one 

of the two constellations before the integration of 

all transmitters. 

 

System Sync Autosync System Sync Autosync System Sync Autosync

PDOP 1,225 1,35 1,64 2,7 1,77 4

GDOP 1,6 1,66 2 3,8 2,21 5

No. Transmitters 12 (4+8) No. Transmitters 9 (4+5) No. Transmitters 7 (4 + 3)

Table 2: comparison of DOP values real signals 

 
It can be noticed, as foreseen in the Matlab 

simulations, that the PDOP and GDOP values 

decrease when increasing the number of 

transmitters of the second constellation. The values 

of the H matrix belonging to the second 

constellation are firstly used to solve the 

synchronization (i.e. to decrease the TDOP and 

GTDOP  terms) then, increasing the number of 

equations, they are used to get better performances 

of GDOP and PDOP. 

When the bias is computed in an independent way, 

the performance are depending only on the number 

and geometric positions of the transmitters (all the 

equations contribute in the same way to all the DOP 

values).  

So when observables from GPS and Galileo will be 

integrated at receiver level, it seems clear that the 

GGTO parameter contained into the Galileo 

navigation message will be a must. If obstructions  

(like urban canyons or indoor navigation) will 

avoid the reception of the navigation message, the 

GGTO will have to be sent through another 

communication channel (provided that the receiver 

is able to acquire enough satellites to get an 

acceptable DOP).   

The same configurations have been used to 

compute the position of the receiver with the 

integrated constellation. 

The first run, figure 3 has been carried on with only 

GPS satellites in order to establish the reference 

positioning performance (horizontal, towards east 

and north and vertical accuracy in a topocentric 

coordinates system). 

Positioning error is limited in 4 meters around the 

reference position (obtained through RTK 

differential corrections sent by the Telespazio 

GNSS Differential Station). 

 
Figure 3: Only GPS satellites 

 

In the next runs, figures, 4 to 9, the comparison 

between the System sync and autosync scenarios is 

reported, in the configurations of 3, 5, all GPS 

satellites in view plus the pseudolites. 

 

 
Figure 4: 3 GPS satellites plus pseudolites, system 

sync 

 

 
Figure 5: 3 GPS satellites plus pseudolites, 

autosync 
 

 
Figure 6 : 5 GPS satellites plus pseudolites, system 

sync 
 

 
Figure 7 : 5 GPS satellites plus pseudolites, 

autosync 

 

 
Figure 8: All GPS satellites plus pseudolites, 

system sync 

 



 

 

 
Figure 9: All GPS satellites plus pseudolites, 

autosync 

 

The performance improves with the increasing of 

GPS satellites in the same way as seen in the table 

of PDOP and GDOP. 

In the last run, figure 8-9, the performance between 

the autosync and system sync scenarios is very 

similar, confirmed by the similarity between the 

DOP values. 

 

 

CONCLUSIONS 

 

  The variance of the position error is comparable to 

the mean error, this is due to the noise in the 

receiver GPS bias estimation. Infact the bias is 

computed every second using Least Squares 

method as seen in the first paragraph; filtering the 

bias could give better performance to the position 

computation. 

The DOP values depends on the positions of the 

transmitters with respect to the receiver location. As 

said before the DOP lowest value can be obtained 

in the middle of the constellation (in the middle of a 

tetraedric geometric form with the transmitters in 

the vertexes)  

In the real configuration it was not possible to reach 

the optimal configuration (the GTR pseudolites are 

on the top of the surrounding hills and at different 

heights). The lowest value (GDOP=1.73 not very 

low indeed) is found in the middle of the base of 

geometric figure formed by four pseudolites in the 

base and 7 satellites at the vertexes. 

Finally the use of more constellations is useful only 

if the offsets are preliminary known. Moreover if 

one of the constellation is formed by pseudolites it 

is clear that their synchronization is very critical 

and that a modification is required in the firmware 

of currently available receivers to be used as an 

augmentation system because of the necessity to 

decode the particular navigation message.  

 

 

REFERENCES 

 

GPS/GIOVE Interoperability: GGTO and Timing 

Biases Ricardo Piriz GMV, Patrizia Tavella  

INRIM, Jorg Hahn ESA ESTEC. 

 

GNSS Time Offset Effect on GPS-Galileo 

Interoperability Performance Inge Vanschoenbeek, 

Bernard Bonhoure, Marco Boschetti, Jerone 

Legenne CNES 

 

Diluition of precision revisited Dessin Milbert 

Accounting for timing biases between GPS, 

Modernized GPS and Galileo Signals Chris Hegarty 

MITRE corporation, Ed Powers and Blair Fonville 

Time Service Departement U.S. Naval Observatory 

 

Understanding GPS, principles and applications 

Artech House 2nd edition, Kaplan, Elliot, Hegarty, 

Christopher, 2006 

 

Global Positioning System: Theory and 

applications, Parkinson, Bradford, Spilker Jr., 

James 1996   

 


